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Abstract 

In a recent paper it was shown how quark scattering in a quenched, eikonal model led to a 
momentum-transfer dependent amplitude expressed in terms of Halpern's functional integral; and 
how the requirement of manifest gauge invariance converted that functional integral into a local 
integral, capable of being evaluated with precision by a finite set of numerical integrations. We 
here prove that this property of "effective locality" holds true for all quark processes, without 
approximation and without exception. 

PACS numbers: 12.38.-t, 11.15.-q, 12.38.Lg 



* Supported in part by a Julian Schwinger Foundation Travel Grant. 
''' |ynisheu@niailaps . org| 



1 



I. INTRODUCTION 

In a recent paper |l| it was shown how the requirement of manifest gauge invariance 
of the Schwinger functional solution of QCD leads to a description of all possible virtual 



gluons exchanged between quarks as "ghosts", wherein the form of the final, Halpern 
functional integral becomes "effectively local". The resulting amplitudes contain all possible 
gluon exchanges, including cubic and quartic gluon interactions, and are rendered gauge 
invariant by becoming independent of exchanged gluon propagators. 

What takes the place of virtual boson propagator-exchange in an Abelian theory, is, in 
QCD, an effectively-local version of the Halpern variable, x%j with the huge simplifications 
resulting from the replacement of the Halpern functional integral by a small set of ordinary 



integrals. Even before such integrals were evaluated, one could see in Ref. |l| the possible 
underlying structure of asymptotic freedom and the MIT Bag Model. That discussion was 
carried out in the context of a high-energy eikonal model, in quenched approximation. We 
prove below that similar, "effectively local" structures will be obtained in the evaluation of 
the exact theory; the final integrands will surely be more complicated than those of Ref. 
but they will always appear as a finite set of integrals which can be evaluated numerically 
or approximately. 

The article is organized as follows. Section [TTl summarizes the main steps of the QCD 
generating functional's derivation using functional methods, and, in particular, the so-called 
'linkage operator'. Halpern's trick, to re-formulate the gluonic action, is used here as an 
important step of our derivations. Section IIIII gives the explicit Fradkin representations 
for the Green's function of a quark propagating in an external gauge field, and for the 
quark closed-loop functional L[y4]. For additional clarity. Section UTT] is supported by an 
Appendix. The Effective Locality property is presented in Section llVt as well as some 
comments concerning its meaning as well as its power in the course of practical calculations. 
A brief discussion and summary are presented in Section |Vl 

II. QCD GENERATING FUNCTIONAL 

We begin with the QCD Lagrangian 

CciCD = -]f%K^ - ^ ■ [m + 7m (5m - ^9A^, ^")] " (1) 
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where F;^^ = df.A'^ - d^A"^ + gf^'^'A^Al is the field strength and r°'s are the color matrices 
of SU(N) with [t^jt''] = if'^^'^T'^. An 'economic way' to proceed consists of adding and 
subtracting a gauged free gluon term C^^^l^^ into the Lagrangian such that 
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where = d^A^ — d^A'^^ is the field strength at zero coupling, f^j, = ^'^^{g = 0), and 
where Q is the gauge parameter. Such separation provides a simple, functional definition 
of free and interacting gluonic Lagrangian, with the covariant gauge dependence of the free 
gluon propagator given by Eq. (4), below. The only purpose here, is to provide the gluonic 
A^(x)-fields with a well-defined (invertible) quadratic form, which in the present example, 
turns out to be given by the covariant propagator, since the gauged free gluon action can 
effectively be written as 



where 
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and where the gf^,y are coefficients of the Minkowskian metric tensor. 

Then the QCD generating functional can be constructed in either the Schwinger or 
Symanzik manner |5|, 



Z[j,r],r]] = A/'exp 
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where A/" is a normalization constant, j^, r]^, and 77^ are gluon, quark and anti-quark sources, 
respectively, and Zq is the generating functional of the free system, so as to obtain, after a 
simple rearrangement, jsl, Q] 



where exp [Da] with 

Da = 



(6) 



(7) 



denotes the linkage operator which is to act upon all the vector field A'J^{z) dependence 
contained in all terms which follow it. Likewise, Gc{x,y\A) stands for the causal Green's 
function of a quark in a background gauge field A^, 

G,[A] = Sjl - z^7m Se] = [m + ^-{d-zgA- r)]'' , (8) 

and ij[A\ is the logarithm of the quark determinant, 

L[A]=Tr\n[l-ig{j-A-r)S,]. (9) 

Next, an important step of our derivation makes use of Halpern's familiar functional 
representation of the purely gluonic contribution to the action integral l|, |7| 

i_ r pa / ir 1 — r -t- — r / -1 f\\ 

g 4 J fl"^ A'!' = yV^ / d[^J 6 4 A^ji/A/Ji/T" 2 J A/Ji/-^ flu (10) 

with the measure / d[x] = nina>6n^i/ / dx^tl^*); where Afy- is the normalization 
constant of the functional integral. This allows us to re-write the gluonic interaction part 
of Eq. ([6D as 



e 



ijc'^i^^JA] = A/; y d[x] ei/x"-x"-+i/^M.F2. . /a-(dF)"'-a^ ^^^^ 
and eventually the QCD generating functional as 

Z[j,r],f]]=M [ d[x]e-^^^' ■e^^'-''^'^-^ (12) 



The correlation functions of QCD are obtained by appropriate functional differentiation of 
Eq. f|T2l) with respect to gluon and quark sources; and since we are here concerned only with 
quark (Q) or anti-quark (Q) interactions, in which all possible number of virtual gluons are 
exchanged, we immediately set the gluon sources equal to zero. All Q/Q amplitudes are 
then obtained by pair-wise functional differentiation of the quark sources, 1]^ and 77^; and each 
such operation "brings down" one of (properly anti-symmetrized) Green's functions Gc[A]. 
For example, the 2-point quark propagator will involve the Functional Integral J d[x] and 
the linkage operator acting upon Gc(x, y\A) ■ e^^^\ followed by setting — )■ 0. 

Similarly, the Q/Q scattering amplitude will be obtained from the same functional oper- 
ations acting upon the (anti-symmetrized) combination Gc[^] ■ Gc[^] ■ exp (L[y4]), followed 



by the prescription of A — )■ 0, 
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= e^- e^/4.uon[A] ^^^y^^ ^^1^^) ^^^y^^ ^^1^^) ^L[A] 
and other fermionic 2n-point functions can be derived in the same way. 



A=0 



(13) 



III. FRADKIN'S REPRESENTATION OF GREEN'S FUNCTION 



The property essential for further, non-perturbative analysis of all such correlation func- 
tions is the existence of Fradkin representations 6|, |8| for both Gc[^] and L[^], representa- 
tions given as functional integrations over ylj^(x)-dependence that is not more complicated 
than Gaussian. 

Now, due to the non-Abelian nature of the theory, the gauge field dependence of the 
causal Green's function in these Fradkin representations is contained within an ordered 
exponential (OE), as described in the Appendix, 

n 

where u^{s') is the relevant Fradkin variable [6|, and where the (■ ■ • )+-prescription is to mean 
ordering in s' . Note that for the sake of simplicity, the spin-related term was absent in our 
previous analysis l|. To extract the ^^(x)-dependence out of the ordered exponential, one 
can introduce two functional integrals for delta-functionals relevant to the first and second 
term in the ordered exponential; and the two delta-functionals can themselves be further 
represented by two sets of functional integrals. Proceeding this way, the quark Green's 
function can be written as 
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where the detailed derivation is given in the Appendix. One sees that the A-dependence 
in both G[A] and L[A] is no worse than Gaussian, and hence the hnkage operation can be 
carried through exactly. 

What this means is that the sum of all relevant Feynman graphs of arbitrary complication 
can be obtained exactly, and the result expressed in terms of Fradkin's representations. 
And since Fradkin's representations are Potential Theory constructs, they are not difficult 
to approximate in almost any physical situation, and especially at high energies, as in the 
eikonal representation used in Ref. 



IV. EFFECTIVE LOCALITY 



To display the Effective Locality property of all such QCD correlation functions, combine 
the Gaussian A-dependence of every Gc[A] entering the process into the quantity 



exp 
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where K, and Q are local functions of the Fradkin variables, collectively denoted by M^(sj), 
the Q°'{si) and the $J^j^(si) needed to extract the 74^(y — w(s')) from an ordered exponential. 
Note that K, and Q will also represent the sum of similar contributions from each of the 
Gc{x,y\A) which collectively generate the amplitude under consideration. For example, in 
the case of the 4-point function, one will get 



+ 2/ r ds'5^'\z -y, + u{s')) r'^^l,As) (17) 
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and 



Ql{z)=-2gd,^l^^{z)-g f ds' 5'^'\z - y, + u{s'))u'^{s')ni{s') (18) 

- 2gd,n,,^{z) - g f d-s'5^'\z - + u{s)) ^l{s'), 
Jo 

where the subscripts 1, 2 and I, E are used (interchangeably) to denote particles I and E; and, 
for the purpose of tracking, the barred variables are used to denote the particle I. Similarly, 
the notation 

r ds' 6^'\z - y + u{s')) ^l^^is') (19) 
Jo 



has been introduced in Q for ease of presentation. For higher quark n-point functions, there 
will be additional terms contributing to /C and to Q, but their forms will be the same. 

Combining the quadratic and linear A-dependence with /C and Q above, and that explic- 
itly written in Eq. f[T^ . the operation needed becomes 



where 



and 
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Q';i^) = Q;iz)+d.xu^). (22) 

In K,, all terms but the inverse of the gluon propagator are local. Eq. fl2UI) requires the 
linkage operator to act upon the product of two functionals of A, which we write in the 
easily- derived form 



A'=A 



where, using an obvious notation, the "cross- linkage" operator e is defined by 
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With the identifications, 



= exp 
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the evaluation of (e®-* ■ -7^i[^]) is given by a standard functional identity js, 6| 
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where the quantity D^^^ ( 1 - /C ■ D^^^ 
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where, now, K, = IC + g{f ■ x)- In the limit A 0, Eq. ( l23l) may then be replaced by 
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which quantity is now to operate upon (e®-^' . 

Now observe that the first term on the second hue of Eq. (l28l) is exactly exp[— 25^/], 
and serves to remove the exp [2)a'] of the operation e^^' ■ J-'i[A']. With the exception of an 



irrelevant exp 



iTrln 
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factor, to be absorbed into an overall normalization, what 



remains, to all orders of coupling and for every such process, is the quantity 
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(29) 



(30) 



where the now-useless prime of A' has been suppressed. 

It is clear that nothing in Eqs. ( !29l) and ( l30l) ever refers to JD^P, which means that gauge- 
invariance is here rigorously achieved as a matter of gauge-independence. The extraordinary 
feature of this result is that, because K, = K, + g{f ■ x) and the /C and Q coming from 
L[yl] are all local functions, with non-zero matrix elements {x\KL\y) = iC{x) 5^^\x — y), the 
contributions of Eqs. (!29|) and ( 130|) will depend only on the Fradkin variables u{s') and the 
space-time coordinates yi in a specific but local way. If one expands the exponential of the 
closed-loop functional in Eq. ( I20l) as 

(31) 



3^[^] = l + L[A] + iL[A]L[A] + ---, 



the exponent in each expansion term is at most quadratic in as seen from the L[A] of 
the Appendix. One then collects the hnear and quadratic A^- dependence of expL[y4], and 
to that, adds the Gaussian A-dependence coming from any combination of the Gcf^]. The 
linkage operation can be performed exactly, and taking the limit A — )■ yields 



exp 



exp 



1 Q-Dp.(l-£.DP)-^Q + iTrln(l-£.DP) 
1 Q • /C-^ • Q + ixr In (/C) + ixr In (-D^) 



(32) 



where )C and Q here include terms from the expansion of exp L[y4]. Again, the gauge invari- 



ance will be manifest, except for the unimportant factor exp ^Trln Di''''j absorbed in 
the normalization. 

One should note that quite similar, local forms involving {gf ■ x)"^ were previously 
obtained by Reinhardt et al. jol in an instanton approximation to a functional integral over 
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gluon fluctuations. The present article shows that, in the physical, Minkowskian spacetime, 
such local dependence is an integral part of the exact theory. 

Again, it is important to stress that this result is peculiar to the cubic and quartic gluon 



interactions of QCD. The manifestly gauge invariant construction of Ref. 1| does not work 
for QED, whereas in QCD it is made possible by the Halpern functional integral over XiJ.u- 
Effective locality is the statement seen in the linkage formalism, in which Halpern's functional 
integral is reduced to a flnite set of ordinary integrals, for every connected amplitude. 

This property makes for an interesting contrast with the non-manifestly gauge-invariant 
QED, where the carriers of each interaction are the action- at- a- distance Tidw — z), where 
w and z = y — u{s') are relevant space-time and Fradkin variables. Here, in QCD, each 
Dc is replaced by the local }C^^{w) at a particular value of w, say Wq; and this quantity is 
multiplied by 6^'^\wo — z). An immediate consequence is that all values of the w parameter 
in the original functional integration over j d[x(u')] are, with their normalization factors, 
removed from the problem, replacing functional integrals by an ordinary integral 

d"x(«^o) (33) 

where n denotes the number of independent x% flelds over which one is to integrate. More 
generally, for a correlation function describing the interaction of quarks and/or anti- 
quarks, the result will be given as a product of no more than A^ such ordinary integrals, 
/ d"x(tL'£). However, since the difference between these ui is given by the sums and 
differences of the quark position variables yt and the Fradkin u{s()^ there are situations in 
which the number of such oj^ variables can be dramatically reduced. 

V. DISCUSSION AND SUMMARY 

One important proviso to all of the above statements should be made, which is most 
easily seen in the eikonal model of Ref. l|. The basic formalism we have used really refers 
to particles, which may be real or virtual, and not to quarks which are always virtual in the 
sense that they exist asymptotically only in bound states, and not individually. At some 



point a modiflcation must be made to take this difference into account. In Ref. |l| that 
change was made by the observation that while the longitudinal momentum and energy of 
a pair of quarks in their CM could be (roughly) estimated in terms of the bound state in 



which each exists, that is not possible for the transverse momentum of either quark. The 
transverse momentum of a quark within its bound state is, in principle, not a measurable 
quantity, and as such cannot be specified asymptotically. In Ref. ^ this problem was treated 



where M ~ (9(total CM scattering energy). This non-unique but simple form was chosen as 
a convenient way of expressing the statement that small b, or the large frequency components 
of k± cannot be specified with precision. A specific method of achieving such necessary 
transverse imprecision will appear in the third paper of this Series. 

It may be useful to give an example of the meaning and power of Effective Locality in 
the context of the simplest, non-trivial, eikonal model of Ref. There, the argument w 
of the Halpern variable was shown to be fixed at a specific value wq = {yT,OL',yo), 

where y denotes the CM space-time coordinate of one of the scattering quarks or antiquarks. 
Because of Effective Locality, this is the only which is relevant to the interaction; all 
of the other xi'^)^ for w ^ Wq surrounded by an infinitesimally small 4- volume of amount 
(5)'^, are automatically removed with their normalization factors from the problem, leaving 
a single, normalized integral over d"x('^o)- 

But what happens when y changes, and Wq changes to another w- value, say Wil The 
answer is: absolutely nothing, because all the other to- values, now including wo, will cancel 
away with their normalizations, replacing the Halpern functional integral by a normalized 
ordinary integral over d"x('"^i)- The xi'^i) dependence of the integrand of this new x 
integral is exactly the same as that of the integrand centered about x(wo)) and must yield 
exactly the same value as the previous integral over d"'x('^o)- In brief, integration over d"x 
is independent of the value of w, and this latter coordinate may be suppressed; the Halpern 
functional integral for this Q/Q scattering process always reduces to a single n-dimensional 
integral {n = 8, for SU(3)), which can be evaluated numerically, or approximated by a 
relevant physical argument. This is an extraordinary simplification to any fundamental 
calculation, and it is due to Effective Locality. 

In Summary, the general structure of this "ghost formalism" of non-perturbative QCD 
should be clear. It converts the original Halpern functional integral into an "effectively local" 
theory, where the only remaining functional integrals are those of the Fradkin representations 



by replacing a transverse 5^'^\yi± — y2±) = 5^'^\b) by a peaked 




(34) 
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and integrations over color-changing parameters, both of which categories are amenable to 
a variety of reasonable approximations, especially at high energies. 



Appendix A: Modified Pradkin's Represenation of Green's function and Closed- 
Fermion-Loop Functional 

The causal Green's function in Eq. ([8]) can be written as {g] 

POO 

G^[A] = [m + i7 ■ n][m + (7 ■ U)^]-^ = [m + i-fU]-i / dse-''""' e''^^-^^\ 

Jo 



(Al) 



where U = i[df, - igA^^r"] and (7 ■ n)^ = + iga^uF^^u^" with a^^ = |[7m,7i^]- Following 
the Fradkin's method and replacing 11^ with i-^, one obtains 



Gc{x,y\A) 



(A2) 



00 ■ rl I o 
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5{x-y+ / ds' v{s')) 
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Then, one can insert 
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A[u]5{u{s')- / ds" v{s")) 



(A3) 



and replace the delta-functional 5(u(s') — ds" v{s")) with a functional integral over f2. 
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then the Green's function becomes ^ ^ 

Gcix,y\A) (A4) 

r 

ds e-''^" e-5^"^(2^) / d[u] eifo<^''y(^')]' 6^^\x -y + u{s)) 
x[m + ig-i^A1{y - m(s))t"] (^g-^^^o '^^'«;.{^')A;i{j/-«{^'))r''+^;/o ^^v,.F;iJy-«(s'))r«j^ ^ 

where h{si,S2) = ds' 9{si — s')9{s2 — s'). To remove the A^-dependence out of the lin- 
ear (mass) term, one can replace igA'^^{y — u{s))t°' with — ^J^^^-^ operating on the ordered 
exponential so that 



Gc{x,y\A) = i ds e-'^™ e-^^'^^^^h) / ^^^^ ds' [u'(s')? ^W^^ _ ^ + ^,(5)) (A5) 



X 



ds' u'^is') A'^^(y~u{s')) r'^+g fg ds'a^,, F° Jy-«(s')) 
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To extract the A-dependence out of the ordered exponential, one may use the identities 



(A6) 



so that 



(A7) 



1 = / d[a] 6[a\s') + gu'^{s') A^iy - u{s'))\ 
1= / d[^5[^l,{s')-g¥l,{y-u{s'))\ 



-ig /o" ds' u'^{s') A1,{y-u{s')) r^+g /J ds'a^^ {y-u{s')) 



^ g-i / ds' n-{s') a-is')-i J ds' 3-, is') 

^ ^-ig J ds' u'^{s') n-{s') A-{y-u{s'))+ig J ds' F^„(y-«(s')) 



where A/q and A/$ are constants which normahze the functional representations of the delta- 
functionals. All A-dependence is removed from the ordered exponentials and the resulting 
form of the Green's function is exact (it entails no approximation). Alternatively, extracting 
the A-dependence out of the ordered exponential can also be achieved by using the functional 
translation operator. One writes 



+gj^ds' [a^,F-^{y-uis'))r-]\ ^ g ds' F-^y-uis')) _ / r ^.z [^^^ 



3-!.0, 



For the closed- fermion-loop functional L[yl.], one can write (6| 

1 r ds 



L[A] 



2 Jo s 



Tr 



-_,-is{rW 



{9 = 0}}, 



(A8) 



(A9) 



where the trace sums over all degrees of freedom. The Fradkin's representation proceeds 
along the same steps as in the case of Gc[A], and the closed- fermion-loop functional reads 

1 ds 



g -ism'^ g-|Trlii(2ft,) 



(AlO) 



X d[v]d^'\v{s))eyo^''i^'i^'r 



X f d^xtr (^^--^9 Jo ds' v'^is') A-{x-v{s'))t'^+9 ds'a^^F-^{x-v{s'))T-^ 



-{9 = 0}, 

where the trace now sums over color and spinor indices. Also, Fradkin's variables have been 
denoted by v{s'), instead of u{s'), in order to distinguish them from those appearing in the 
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Green's function Gc[j4]. One finds 



L[A] = -i ^ e-^'^" e-'^T^M-ih) (All) 
xUnU^ j (fx j d[a] j d[fi] j d[H] j d[$] 
X j d[v] 5(^)(^;(.))ei/o'^^'[^'(^')l' 

y, ^+i9^fds' pbc^a^^^^l) Ab^ix-Vis')) Al{x-v{s')) 

-{^? = o}, 

where tlie same properties as those of Gc[^] can be read off exphcitly and the A-dependence 
is at most Gaussian. 
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